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Abstract A method is developed to calculate collision probability in this paper. Based on
the encounter geometric features of space objects, it is reasonable to separate the radial
orbital motions from that in the cross section for most encounter events in near circular
orbit. Therefore, the collision probability caused by orbit altitude difference in the radial
direction and the collision probability caused by arrival time difference in the cross sec-
tion are calculated respectively. The net collision probability is expressed as an explicit
expression by multiplying the above two components. Numerical cases are applied to test
this method by comparing the results with the general method. The results indicate that
this method is valid for most near circular orbital encounter events.
Key words: Method: analytical — reference systems — catalogs — space vehicles —
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1 INTRODUCTION
Now a very large number of space debris are orbiting in near earth orbit below 2000 km; they could
potentially threaten space missions and spacecrafts(Sun & Zhao 2013). Collision events could dis-
turb/damage spacecrafts as well as produce new debris, leading to a vicious cycle of space environment.
Although a collision event between two space objects barely happens, several collision accidents have
already been confirmed so far. In order to prevent space collision events, effective collision risk assess-
ment and avoidance maneuver have been carried on (Akella & Alfriend 2005; Francois & Eloy 2008).
The earliest risk criterion was the exclusion volume method (Leleux et al. 2002). An exclusion vol-
ume surrounding the spacecraft is specified, and an alarm is raised if any object penetrates the exclusion
volume. However, this method is too conservative to raise a high number of false alarms. Therefore, the
probability threshold method was proposed (Kelly & Picciotto 2005); when a probability threshold is
set, an alarm is raised as the calculated collision probability exceeds this threshold. This approach re-
duces false alarms and thus is more rational than the exclusion volume method. Many efforts have been
dedicated to the effective formulations of collision probability calculation, and significant progress have
been made in recent years. To calculate collision probability between two objects, covariance models
for both should be applied. It is permissible to combine the error covariance matrices for two orbit-
ing objects to obtain a relative covariance matrix as long as they are represented in the same frame
(Chan 1997). The combined covariance matrix has an associated three-dimensional probability density
function (PDF) that represents the relative position uncertainty of the two objects. Since most encounters
between space objects are occurring at high relative velocities, the collision probability calculation can
be reduced to a two-dimensional integral over a circular region in a plane normal to the relative velocity
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vector referred to as the encounter frame (Akella & Alfriend 2000). Patera ( 2001) further developed an
approach, which reduces the calculation to a single closed-path integral, to compute collision probabil-
ity between two irregular objects. Bai & Chen ( 2008, 2009) also developed one method based on space
compression and coordinate rotation, in which the collision probability is expressed as an explicit func-
tion of the encounter geometry. At present, the probability threshold method has been widely adopted
to assess collision risks for space objects.
The general method for calculating collision probability involves a projection from a three-
dimensional PDF to a two-dimensional one. The initial state vectors of two objects in the inertial frame
are given by r1, r2, and their error covariance matrices in the local frame are defined as C1,C2. The
transformation matrices from the local to the inertial frame are given by P1 and P2, respectively. The
respective error covariance matrices in the local frame are transformed to the ones in the inertial frame
in the usual manner:
C1I = P1C1P
−1
1 ,
C2I = P2C2P
−1
2 .
(1)
Because the position errors of two objects are uncorrelated, the error covariance matrices are com-
bined to obtain the relative error covariance matrix in the inertial frame:
CI = C1I +C2I . (2)
Then the relative position and velocity are needed to define the encounter frame whose z-axis is
parallel to the relative velocity vector. The transformation from the inertial to the encounter frame given
by U is used to derive the relative position vector and error covariance matrix in the encounter frame:
∆re = Ur2 −Ur1 ,
Ce = UCIU
−1 . (3)
The collision probability in the encounter frame is expressed as:
P =
1√
(2pi)3|Ce|
∫ ∫ ∫
V
exp{−1
2
∆rTe C
−1
e ∆re}dV . (4)
Because most encounters have high relative velocities, the relative position vector is orthogonal to
the relative velocity vector when two objects are at the closest point of approach (CPA)(Chan 1997).
Therefore, the collision probability calculation can be reduced to a two-dimensional integral over a
circular region in the encounter frame:
P =
1
2pi
√
|C′e|
∫ ∫
x2+y2≤R2
exp{−1
2
∆r′Te C
′−1
e ∆r
′
e}dxdy . (5)
From Eq. (5), we can see that collision probability depends on the relative position, error covariance
matrix and object’s size. It has to be calculated numerically in light of this implicit expression, and
some geometric features of encounter are implied. The general method for collision probability provides
sufficiently accurate results, but does not reveal the direct connection between collision probability and
conjunction geometry.
Since the sensitivity of collision probability to conjunction is significant for making avoidance
maneuver strategies, an explicit expression of collision probability in terms of relevant parameters is
needed. The purpose of this work is to provide a method to calculate collision probability expressed as
an explicit function. Based on the formulate of the general method and the geometric features of en-
counter described in section 2.1 , this approach will separately consider the collision probability caused
by orbital altitude difference in the radial direction (section 2.2.1), and the collision probability caused
by arrival time difference in the cross section of the two objects (section 2.2.2). Then the net collision
probability is obtained by multiplying the above two probabilities (section 2.2.3). Numerical cases are
listed to test this method in section 3, and the conclusions are given in section 4.
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2 METHODOLOGY
2.1 Background and foundation
According to the geometric features of encounter as shown in Fig. 1, a collision between two space
objects could only happen near the intersection of their orbit planes. Therefore, the orbital altitude
difference and arrival time difference when they are passing by the intersection of their orbit planes can
be used to filter dangerous encounters. The orbital altitude difference is along the radial direction, and
the arrival time difference is determined by the velocities of motion in the cross section. If the cross
section is perpendicular to the radial direction, thus the relative motion of two space objects can be
divided to two independent parts, i.e., the radial motion and the motion within the cross section. Such a
prerequisite is naturally satisfied for the encounter of two space objects in near circular orbit.
object1
object2
Earth
Fig. 1 Encounter geometry of space objects. When a close encounter happens, the two objects are both orbiting
near the intersection of their orbit planes.
Hence, the eccentricity distribution of space objects shows the necessity to be discussed. For our
space missions and spacecrafts, dangerous objects in low-earth-orbit are to our most concern. Therefore,
we select 13,000 space objects with altitudes of the perigee below 2000 km from NORAD Two-Line
Element (TLE) Sets. The eccentricity distribution for these space objects is shown in Fig. 2. The overall
eccentricity distribution is dominated by the small eccentricities, i.e., more than 90% space objects are
in near circular orbits with eccentricities less than 0.1. Moreover, the eccentricity distribution also varies
with altitude of the perigee, the fraction of large eccentricities increases with decreasing altitude. There
are a few numbers concentrated in large eccentricity distribution (0.5 ∼ 0.8), whose altitudes of the
orbit perigee are only several hundred kilometers ( mostly between 200km and 800km) as shown in the
left subplot. For these objects in high eccentricity orbit ( HEO ), they move faster and pass less time near
the perigee according to the motion feature of elliptical orbit. Therefore, most encounters are happening
between two space objects in near circular orbit.
However, a close encounter between a near circular orbit below 2000 km and a high eccentricity
orbit could only happen near the perigee. A sketch of such case is shown in the left subplot of Fig. 3; the
eccentricity of the elliptical orbit is 0.7. Obviously, at the point of the perigee (f = 0◦), cosine angle θ =
90◦, the radial direction is orthogonal to the cross section. The right subplot of Fig. 3 shows that cosine
angle θ varies with true anomaly f ; θ equaling to 90◦ indicates vertical, and it can reach a extreme value
about 12◦ deviation from vertical in this case. Actually, dangerous encounters between space objects
in high eccentricity orbit just like this case rarely occur. Moreover, we also assess encounters between
these objects. A geometric filter with altitude difference less than 10 km and time difference within 15 s
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Fig. 2 Eccentricity distribution of space objects in near earth orbit below 2000 km. Left: Eccentricity distribution
versus the altitude of the orbit perigee. Right: Statistics for eccentricity distribution.
θ
Fig. 3 Orthogonality between the radial direction and the motion direction for dangerous objects in larger ec-
centricity orbit. Left: Close encounter geometry for a satellite in a circle orbit with a dangerous object in a large
eccentricity. The eccentricity is set as 0.7. The cosine angle θ is defined as the inclined angle between the radial
direction and the cross section. Right: The cosine angle between the radial direction and the velocity direction varies
with the true anomaly.
is set to screen dangerous encounters. Among these dangerous encounter events, the direction cosine
angles between the radial direction and the cross section are also calculated, and they are consistently
approximating to 90◦.
Through the above analysis, it is reasonable to separate orbit motions in the radial direction from
that in the cross section for most close encounter events in near circular orbit. Based on this premise,
we can separate the net collision probability into two parts: one is in the radial direction which is caused
by the orbital altitude difference, the other is in the cross section which is caused by the arrival time
difference. The net collision probability is derived by multiplying the two of them. The method for
calculating collision probability is appropriate for most near circular orbit encounter events.
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2.2 Calculation Algorithms
2.2.1 The collision probability in the radial direction
v1
v2
r
Δh
Object1
Object2
Fig. 4 The relative motion in the radial direction. When the two objects are arriving at the intersection of their
orbit planes, the orbital altitude difference is set to ∆h.
Firstly, if assuming two space objects arriving at the intersection of their orbit planes at the same
time, one has to only consider the relative trajectory and position error in the radial direction as shown
in Fig. 4. The uncertainty in the relative radial position is defined by an one-dimensional Normal distri-
bution of the form :
ρ(r) =
1
2
√
piσr
exp{−(r−∆h)
2
2σ2r
} , (6)
where ∆h is the altitude difference of the two objects, and the relative position error in the radial
direction is given by σ2r =
√
σ21r + σ
2
2r.
Then the collision probability density distribution function can be given by:
F (r) =
1
2
√
piσr
∫ r
−∝
exp{−(r−∆h)
2
2σ2r
}dr . (7)
It can be substituted by an approximate expression just like:
F (r) =
exp[a(r−∆h)]
1 + exp[a(r−∆h)] , where , a =
4√
2piσr
. (8)
The result from this approximate expression is accurate enough without introducing error greater than
2% (Liu et al. 2009).
Applying the combined size of the objects in the radial direction as ra , the collision probability
caused by altitude difference can finally be expressed as:
PR = F (x) |ra−∝ −F (x) |−ra−∝
=
exp[ 4(ra−∆h)√
2piσr
]
1 + exp[ 4(ra−∆h)√
2piσr
]
−
exp[ 4(−ra−∆h)√
2piσr
]
1 + exp[ 4(−ra−∆h)√
2piσr
]
. (9)
The collision probability in the radial direction is reduced to an analytical expression of radial
altitude difference, relative error and combined size.
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2.2.2 The collision probability in the cross section
The state vectors when the two objects reach the intersection of their orbit planes are labeled as: r1, r2,
and v1,v2. We use a scale factor β = r1/r2 to eliminate the radial altitude difference of the two objects,
and thus only consider their relative motion in the cross section.
v2
v1
v2β
x'
y'
z'
r
Δh
z'
y'ρ tcpa)(
vr
Fig. 5 The reconstructed encounter frame. The x′ direction is normal to the cross section. The y′ direction is
defined as the closest approach position vector in the cross section. The z′ vector completes the right-handed system.
In order to compute collision probability in the cross section, the encounter coordinate frame is
reconstructed as shown in Fig. 5. The x′ direction is normal to the cross section which is defined by
the plane containing vectors of v1 and v2β. The y′ direction is defined as the closest approach position
vector in the cross section. The z′ vector completes the right-handed system. The o′ − x′y′z′ system is
centered on one object.
In the cross section, if the initial position and velocity vectors of two objects are respectively
r10, r10, and r20β, r20β. The relative position vector between them is given by:
ρ(t) = (r20β − r10) + (r20β − r10)t = ρ0 + rrt . (10)
When the two objects are arriving at the closest point of approach, the equation ddt [ρ(t) · ρ(t)] = 0
must be satisfied. We obtain the time of closest approach (TCA):
tcpa = −ρ0 · vr
vr · vr . (11)
Then the closest position vector is given by:
ρ(tcpa) = ρ0 + (−ρ0 · vr
vr · vr ) · vr . (12)
Therefore, unit vectors of the reconstructed encounter frame can be defined by:
xˆ′ = v1×v2β|v1×v2β| ,
yˆ′ = ρ(tcpa)|ρ(tcpa)| ,
zˆ′ = xˆ′ × yˆ′ .
(13)
Based on the foundation described in section 2.1, the xˆ′ axis is basically parallel to the radial direc-
tion in the intersection of orbit planes. The transformation from the inertial frame to the reconstructed
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encounter frame is built to separate the radial motion from the cross section by directly eliminating mo-
tion in the x′ direction . At the same time, there is no uncertainty in the direction of relative velocity at
TCA in the cross section, so the relative position error can be projected into the direction of the closest
approach position vector. After projecting the combined size of the objects into the closest approach
position vector direction, the collision probability caused by arrival time difference in the cross section
is given by:
PT =
1
2
√
piσt
∫ rt
−rt
exp{−(y− ρmin)
2
2σ2t
}dy , (14)
where σt is defined as the relative position error along the direction of the closest approach position
vector, and it only depends on position errors in the directions of along-track and out-normal. ρmin is
the closest approach distance in the cross section. rt is the combined size along the direction of the
closest approach position vector in the cross section.
Similarly by using the approximate expression we can also obtain an analytical solution:
PT = F (x) |rt−∝ −F (x) |−rt−∝
=
exp[ 4(rt−ρmin)√
2piσt
]
1 + exp[ 4(rt−ρmin)√
2piσt
]
−
exp[ 4(−rt−ρmin)√
2piσt
]
1 + exp[ 4(−rt−ρmin)√
2piσt
]
. (15)
2.2.3 The net collision probability as an explicit function
In the above two subsections, we separately obtain analytical expressions of collision probability caused
by altitude difference and time difference. Collision events may happen only when the two probabilities
are big enough at the same time. Therefore, the net collision probability between two space objects can
finally be defined by:
P = PR · PT
= {
exp[ 4(ra−∆h)√
2piσr
]
1 + exp[ 4(ra−∆h)√
2piσr
]
−
exp[ 4(−ra−∆h)√
2piσr
]
1 + exp[ 4(−ra−∆h)√
2piσr
]
}
· {
exp[ 4(rt−ρmin)√
2piσt
]
1 + exp[ 4(rt−ρmin)√
2piσt
]
−
exp[ 4(−rt−ρmin)√
2piσt
]
1 + exp[ 4(−rt−ρmin)√
2piσt
]
} . (16)
This method gives an explicit expression to compute collision probability. It is advantageous to ana-
lyze the influencing factors of the collision probability directly. Additionally, the method separates orbit
motions in the radial direction from that in the cross section. Therefore, position errors and geometric
sizes of the two components can be differently handled to improve precision especially for irregular
shape spacecrafts, such as shuttles with wings.
3 NUMERICAL RESULTS AND DISCUSSIONS
A computer program is developed to implement the technique and test cases are run. Firstly, a collision
accident between two space debris which happened On January 17, 2005 is applied. State vectors of the
two debris in the inertial system are listed in Table 1. The radius of combined geometric sphere is set to
100 m. The method in this paper described in Eq. (16) and the general method described in Eq. (5) are
respectively implemented to compute collision probability. Figure 6 represents the variation of collision
probability versus the relative position error in the along-track direction. In the left subplot of Fig. 6, the
ratio of position errors along three principle axis in the local frame is set to be 1:1:1, and 1:5:1 for the
right. We can see that the results show essential agreement between our method and the general method,
with our method a little larger than the general. Actually, the tiny deviation is caused by integral area
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from a circle of diameter 2r change to a square with the length of each side being 2r. But it makes no
distinct difference for collision risk assessment.
Table 1 State vectors in the inertial frame
Number x/km y/km z/km vx/km · s−1 vy/km · s−1 vz/km · s−1
07219 -150.798 1182.677 -7143.776 7.290 -1.126 -0.354
26202 -150.620 1182.018 -7143.788 5.915 4.348 0.643
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Fig. 6 Variation of collision probability versus the relative position error. The ratio of position error along three
principle axis in the local frame is set to be 1:1:1 for the left subplot ,and 1:5:1 for the right. ( Collision probabilities
about this conjunction case are also calculated in papers of others (Bai & Chen 2008), the maximum probability
corresponding to the right subplot is 7.12× 10−3.)
The Center for Space Standards & Innovation (CSSI) offers Satellite Orbital Conjunction Reports
Assessing Threatening Encounters in Space (SOCRATES) which lists the top ten of threatening encoun-
ters ordered by minimum range over the next seven days. Based on the orbit data listed in SOCRATES
on March 13, 2013 , we assess collision risk between two involved objects. The time of closest approach
and the minimum distance between the two objects are calculated, and the collision probability results
derived from both our method and the general method are listed in Tab. 2. The results show that the
collision probabilities from our method are on the same order of magnitude compared with the general.
Therefore, the collision probability from the method in this paper is credible to assess collision risks.
Table 2 Collision probability results
Catalog TCA Min Position General This
Number ( UTC ) Range (km) Error (km) Method Method
25415&31445 Mar 18 14:44:34 0.115 0.128 1.24E-05 1.52E-05
20737&20738 Mar 17 10:39:31 0.104 0.380 1.70E-06 2.15E-06
27939&31588 Mar 16 13:46:21 0.098 0.073 3.01E-05 3.51E-05
11308&32315 Mar 15 03:02:16 0.094 0.107 1.80E-05 2.05E-05
17583&37442 Mar 16 14:02:50 0.039 0.011 9.39E-05 1.88E-04
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4 CONCLUSIONS
The existing general method for collision probability provides sufficiently accurate results, but does
not reveal the direction connection between the collision probability and the conjunction geometry and
error covariance. Based on the geometric features of encounter, a method is developed to compute
collision probability. This method gives an explicit expression to compute collision probability which
is expressed as an function of the radical and the cross section components of the relative position and
error covariance. The expression is compact and advantageous to analyze the influencing factors of
the collision probability directly. A computer program is developed to implement the technique, and the
calculation results are compared with the general method. It shows that this method is applicable to most
collision risk assessments in near circular orbit. Additionally, the method separates orbit motions in the
radial direction from that in the cross section. Therefore, position errors and geometric sizes of the two
components can be differently handled to improve precision especially for irregular shape spacecrafts,
such as shuttles with wings. This work is under progress now.
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